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Abstract

This paper presents a systematic numerical study on a two-dimensional, steady state and laminar natural convection in

a rectangular enclosure with discrete heat sources on walls. A new combined temperature scale is suggested to non-

dimensionalize the governing equations of natural convection induced by multiple temperature differences. It is valuable

to simplify the coupled boundary conditions and to identify the relative strength of the heat source. The heat and fluid

flow structures are fully examined using streamlines and heatlines. Numerical results demonstrate the suggested com-

bined temperature scale being efficient to characterize the various roles of the heat sources and to provide an effective

approach to analyze more realistic and complex natural convection problems. � 2002 Elsevier Science Ltd. All rights

reserved.

1. Introduction

Natural convection in enclosures is an area of interest

due to its wide applications and great importance in

engineering, as comprehensively reviewed by Ostrach [1]

and Bejian [2]. Considerable efforts in recent years have

been exerted to deal with more complex and realistic

boundary conditions occurring in practice, and can be

summarized into four basic types as: the natural con-

vection due to a uniformly heated wall, either prescribed

by a temperature or a constant heat flux [3–5]; the nat-

ural convection induced by a local heat source [6–10];

the natural convection under multiple heat sources but

with the same strength and type [11]; and the natural

convection conjugated with inner heat-generating con-

ducting body [12,13] or conjugated with the conducting

walls [14,15].

All the studies mentioned above are based on a single

temperature difference between the differentially heated

walls. In spite of diversity in their physical aspects, they

are of no numerical specialties and thus can be handled

as usual. In practice, however, there are some cases that

cannot be simplified and solved by the single tempera-

ture difference scale, such as natural convection induced

by heat sources of different type and/or strength simul-

taneously, which occurring often in cooling electronic

equipment and heating in rooms. The characteristics of

fluid flow and heat transfer under the multiple temper-

ature differences are more complicated and has a prac-

tical importance in thermal management and design.

The objective of the present work is to numerically

analyze the natural convection under multiple temper-

ature differences. A new combined temperature scale is

suggested to deal with. The nature of the heat and fluid

flow induced is investigated by means of streamlines and

heatlines. Main attention is focused on the factors that

influence the flow pattern and heat transfer, and also the

interactions between the heat sources.

2. Mathematical formulation

Consider a two-dimensional natural convection in a

fluid-filled cavity of side length L, as shown in Fig. 1.

Two discrete heat sources are located at the upper part
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of the left side wall (length l1) and left part of the bottom

wall (length l2), prescribed either by high surface tem-

perature Th1 and/or Th2 or by heat flux q001 and/or q
00
2. The

right vertical side wall is maintained at a low tempera-

ture Tc (Tc < Th), and the other parts of the enclosures

are all insulated. The natural convection fluid flow and

heat transfer is therefore set up by the two heat sources,

and the heat transport path is also schematically shown

in the figure. The natural convection under consider-

ation can be classified accordingly into the following

four cases as shown in Table 1: Case I with two higher

temperature surfaces; Case II with left heat source of

higher temperature surface and bottom of flux surface;

Case III with left heat source of heat flux surface and

bottom isothermal surface; and Case IV with two heat

flux surfaces.

2.1. Governing equations

The natural convection flows are considered, here, to

be steady and laminar. The Boussinesq approximation is

employed to account for the thermal buoyancy effects.

Then, the governing equations in dimensionless form are

as follows:

Continuity equation

oU
oX

þ oV
oY

¼ 0: ð1Þ

Momentum equation

o

oX
ðUUÞ þ o

oY
ðVUÞ ¼ � oP

oX
þ Prr2U ; ð2Þ

o

oX
ðUV Þ þ o

oY
ðVV Þ ¼ � oP

oY
þ Prr2V þ RaPrh: ð3Þ

Nomenclature

g gravitational acceleration

H dimensionless heatfunction

k thermal conductivity of the fluid

L characteristic length of the enclosure

l length of the heat source

n normal vector

N the number of heat sources

Nu Nusselt number

P non-dimensional pressure

p pressure

Pr Prandtl number

q00 heat flux

Ra Rayleigh number

T temperature

u; v velocity components

U ; V dimensionless velocities

x; y Cartesian coordinates

X ; Y dimensionless coordinates

Greek symbols

a thermal diffusivity of the fluid

b coefficient of thermal expansion

q density of the fluid

m kinematic viscosity of the fluid

h dimensionless temperature

w dimensionless streamfunction

Subscripts

c cold wall

f heat source flux

h hot wall

max maximum

t isothermal heat source

i; j the serial number of heat source

Fig. 1. Natural convection in square enclosures with two dis-

crete heat sources on walls (the curves represent the energy/heat

transport path).

Table 1

Natural convection with different type of heat sources

Cases Heat source 1 Heat source 2

Case I Th1 Th2
Case II Th1 q002
Case III q001 Th2
Case IV q001 q002
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Energy equation

o

oX
ðUhÞ þ o

oY
ðV hÞ ¼ r2h: ð4Þ

The governing equations are non-dimensionalized using

the following reference scales: Length scale: L; Velocity

scale: a=L; Temperature scale: DT (to be defined later).

The corresponding dimensionless variables are de-

fined as

ðX ; Y Þ ¼ ðx; yÞ
L

; ðU ; V Þ ¼ ðu; vÞ
a=L

;

P ¼ p

qða=LÞ2
; h ¼ T � Tc

DT
ð5Þ

and the dimensionless parameters are

Pr ¼ m=a; Ra ¼ gbDTL3=ma: ð6Þ

Accordingly, the thermal boundary conditions (BCs)

of the cold and adiabatic walls are respectively h ¼ 0 and

oh=on ¼ 0. No-slip condition is applied to the velocity

BCs for all the enclosed walls.

The local Nusselt number for the isothermal surface

is defined as

Nu ¼ � oh
on

: ð7Þ

The average Nusselt number (Nu) is obtained by inte-

grating Eq. (7) along the surface.

2.2. Combined temperature scale

It would need to establish an approach for deter-

mining the effects of discrete heat sources and their in-

teractions. To this end, one should define a suitable

temperature scale, DT . A new combined temperature

scale is proposed as follows:

For Case I : DT ¼ ðTh1 � TcÞ þ ðTh2 � TcÞ;
For Case II : DT ¼ ðTh1 � TcÞ þ q002L=k;

For Case III : DT ¼ q001L=k þ ðTh2 � TcÞ;
For Case IV : DT ¼ q001L=k þ q002L=k:

ð8Þ

It is interesting to find that a close relation exists as:

For Case I : h1 þ h2 ¼ 1;

For Case II : h1 þ
�
� oh
on

�
2

¼ 1;

For Case III :

�
� oh
on

�
1

þ h2 ¼ 1;

For Case IV :

�
� oh
on

�
1

þ
�
� oh
on

�
2

¼ 1;

ð9Þ

which written in general form as

hBC1 þ hBC2 ¼ 1: ð10Þ

This indicates that the BCs for the two discrete heat

sources are conjugated.

It is important to note that this approach is general

to describe the natural convection induced by multiple

discrete heat sources. For an enclosure with (Nt þ 1)

boundaries with constant temperature and Nf bound-

aries with constant heat flux, the above combined tem-

perature scale can be easily extended as

DT ¼
XNt

i¼1

Thið � TcÞ þ
XNf

j¼1

q00j L

k

� �
: ð11Þ

The relation between the boundary conditions of the

heat sources will be

XNt

i¼1

hi þ
XNf

j¼1

�
� oh
on

�
j

¼ 1: ð12Þ

For simpler problems as those analyzed in this paper,

the combined temperature scale is also useful to show

the relative strength of various wall heat sources.

2.3. Streamfunction and heatfunction

The streamline and heatline as detailed in [16,17], is

adapted here to study the mass and energy/heat trans-

port principle. According to the continuity and energy

equation, the corresponding nondimensional stream-

function, w, and heatfunction, H, are, respectively, as:

ow
oY

¼ U ; � ow
oX

¼ V ; ð13Þ

oH
oY

¼ Uh � oh
oX

; � oH
oX

¼ V h � oh
oY

: ð14Þ

The two functions could be evaluated once the primitive

governing variables (U, V and h) being solved, and

subsequently the streamlines and heatlines can be plot-

ted by contours of these functions.

3. Numerical results and discussion

The governing Eqs. (1)–(4) are discretized by a finite

volume method and the coupling between velocity and

pressure is solved by SIMPLE algorithm [18]. The third-

order deferred correction QUICK scheme [19] and the

second-order central difference are, respectively, imple-

mented for the convection and diffusion terms. The re-

sulting set of discretized equations for each variable are

solved by a line-by-line procedure, combining the tri-

diagonal matrix algorithm (TDMA) and the successive

over-relaxation iteration (SOR). The convergence crite-

rion is that the maximal residual of all the governing

equations is less than 10�6.

Non-uniform staggered grid system is employed in

the present study with denser grids clustering near the
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enclosed walls so as to resolve the boundary layer prop-

erly. It was found that the grid 46� 46 is sufficiently fine

to ensure a grid independent solution. Accuracy of the

numerical procedure is first validated by the comparison

between the predicted results with the benchmark solu-

tions of de Vahl Davis [20] for the natural convection in

an air-filled square cavity. As shown in Table 2, good

agreements were achieved for both the maximal stream-

function and the average Nusselt number in a broad

range of Rayleigh number Ra ¼ 103–106.

We will analyze the effect of Rayleigh number, and

the size and strength of the heat source for each case of

natural convection as listed in Table 1.

3.1. Case I – Dirichlet boundary conditions

3.1.1. Effects of Rayleigh number (Ra)

With hBC1 ¼ hBC2 ¼ 0:5 and l1=L ¼ l2=L ¼ 0:5, Fig. 2
shows the streamlines, heatlines and isotherms for

Ra ¼ 103 and 105, respectively. As shown in Fig. 2(a),

the convection is very weak, when Rayleigh number is

low as Ra ¼ 103, and the flow pattern consists of uni-

cellular streamlines with jwjmax 
 0:6. Accordingly, the

heat is mainly transported by conduction. Note that, as

pointed out by Deng and Tang [16,17], the value dif-

ference between the heatlines across the cold wall is

equal to the average Nusselt number of the surface, i.e.

Nuc ¼ DHc 
 0:5, which implies that the heat transfer is

very weak because of the low conductivity of air.

It is to be expected that, as the Rayleigh number

increases, the convection may become stronger and the

convective heat transfer becomes more important. The

Table 2

Comparisons between the predicted results and the benchmark

resolutions of de Vahl Davis [20] for natural convection in air

filled square cavity (Pr ¼ 0:71)

Ra Present Benchmark

jwjmax Nu jwjmax Nu

103 1.17 1.118 – 1.118

104 5.04 2.254 – 2.243

105 9.50 4.557 9.612 4.519

106 16.32 8.826 16.750 8.800

Fig. 2. Effects of the Ra for Case I with hBC1 ¼ hBC2 ¼ 0:5 and l1=L ¼ l2=L ¼ 0:5: (a) Ra ¼ 103; (b) Ra ¼ 105. The contour lines are

respectively streamlines (left), heatlines (center) and isotherms (right).
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results for Ra ¼ 105, are shown in Fig. 2(b), with

jwjmax 
 9, which indicate that the role of convection

becomes prevailing. The heat transfer is therefore en-

hanced substantially with Nuc ¼ DHc 
 2:0. This dem-

onstrates that the heat is mostly conveyed by the

dominating convection.

3.1.2. Effects of thermal strength of heat sources (hBC1

and hBC2)

We compared the results for Ra ¼ 105 and l1=L ¼
l2=L ¼ 0:5, shown in Fig. 3, with that from Fig. 2(b).

Fig. 3(a) shows the results for hBC1 ¼ 0:3 and hBC2 ¼
1� hBC1 ¼ 0:7, in which the surface temperature is

lower on heat source 1 than that on heat source 2, the

thermal strength of source 1 is weaker than that of

source 2. For hBC1 ¼ hBC2 ¼ 0:5 in Fig. 2(b), the strength

of two heat sources is identical, while Fig. 3(b) illus-

trates the results of hBC1 ¼ 0:7 and hBC2 ¼ 0:3, where the
heat source 1 is obviously stronger than source 2. Thus,

increasing the flux strength of heat source 1, or de-

creasing the flux strength of heat source 2, would sub-

stantially degrade the magnitude of convection, jwjmax

monotonously reduced from about 12 to 7 as the ther-

mal strength of heat source 1 (hBC1) increased from 0.3

to 0.7. We can see that with increasing the flux strength

of heat source 1, the thermal boundary layer along the

surface was developed gradually. For the temperature

gradient formed in the thermal boundary layer is reverse

to the upward flow, the thermal layer has a stabilizing

effect on the natural convection, i.e. decreasing the

power of convection, as pointed out by Ostrach et al.

[21].

When heat source 1 is weaker than 2 (see Fig. 3(a)),

no heat will be transferred from heat source 1 to the

opposite cold side wall, there is some amount of heat,

being transferred from the higher temperature surface of

heat source 2 to the relatively low temperature surface

of heat source 1. When the strengths of the two heat

sources are equal to each other (see Fig. 2(b)), somewhat

more heat is transferred from the floor source, which

indicated the role of heat source on the floor would be

greater than that of heat source on the side wall. When

the surface temperature of heat source 1 is much higher

than heat source 2 (see Fig. 3(b)), it is expected that

more heatlines come from the former than the latter for

the weakened convection.

Fig. 3. Effects of surface temperature of heat sources for Case I with Ra ¼ 105 and l1=L ¼ l2=L ¼ 0:5 by streamlines, heatlines and

isotherms: (a) hBC1 ¼ 0:3, hBC2 ¼ 0:7; (b) hBC1 ¼ 0:7; hBC2 ¼ 0:3.
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3.1.3. Effects of size of heat sources (l1=L and l2=L)
Table 3 lists the results obtained for different l1=L,

with Ra ¼ 105, hBC1 ¼ hBC2 ¼ 0:5 and l2=L ¼ 0:5. From
the changing trend of the streamfunction jwjmax, one can

see that when l1=L6 0:5, increasing the size of heat

source on the left side wall would decrease the natural

convection, or increase convection when l1=LP 0:5.
Therefore, for l1=L ¼ 0:5, the convection decreased to

the lowest value, jwjmax ¼ 9:70. Seen from Table 3, in-

creasing the size of heat source, l1=L, would enhance

the convective heat transfer on its surface, and at the

meantime weaken the heat transfer occurring on the

other heat source, but the former is always larger than

the latter, so the overall heat transfer of the system is

improved.

The size effect of the bottom heat source, l2=L, is

shown in Table 4 with Ra ¼ 105; hBC1 ¼ hBC2 ¼ 0:5 and

l1=L ¼ 0:5. It is clear that the natural convection mo-

notonously increases with the length of heat source 2.

This is different from the size effect of heat source 1, for

the increasing size of heat source on the floor would

increase the thermal instability that contributes to the

Table 3

Effects of the l1=L for Ra ¼ 105 with hBC1 ¼ hBC2 ¼ 0:5 and

l2=L ¼ 0:5

l1=L jwjmax Nu1 Nu2 Nuc

0.0 11.60 – 1.355 1.353

0.2 10.50 0.299 1.306 1.603

0.4 9.84 0.555 1.269 1.822

0.5 9.70 0.674 1.251 1.924

0.6 9.72 0.777 1.235 2.010

0.8 10.06 0.907 1.214 2.120

1.0 10.16 0.958 1.181 2.137

Table 4

Effects of the l2=L for Ra ¼ 105 with hBC1 ¼ hBC2 ¼ 0:5 and

l1=L ¼ 0:5

l2=L jwjmax Nu1 Nu2 Nuc

0.2 7.385 0.935 0.637 1.570

0.4 8.866 0.754 1.061 1.812

0.6 10.555 0.597 1.442 2.036

0.8 12.22 0.459 1.808 2.265

Fig. 4. Results for Ra ¼ 105 Case II with hBC1 ¼ hBC2 ¼ 0:5 and l1=L ¼ l2=L ¼ 0:5 by streamlines (a), heatlines (b) and isotherms (c).
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growing convection. The size effect of heat source is

more vigorous on the floor than on the side wall for the

role of the former is stronger than that of the latter as

discussed before. The same trend of thermal behavior as

the left heat source is also found.

3.2. Cases II–IV – Combined Dirichlet and Neumann

BCs, and Neumann BCs

Having the background of Case I, we can briefly give

the results for the other cases. Results of Cases II–IV for

Ra ¼ 105, hBC1 ¼ hBC2 ¼ 0:5, and l1=L ¼ l2=L ¼ 0:5 are

respectively shown in Figs. 4–6 about the streamlines,

the heatlines and the isotherms. The heat sources of

Cases II and III are both combination of an isothermal

surface and a flux surface. The overall heat transfer of

the system was dominated by the isothermal heat source,

and the effect of the flux surface is not as strong as that

of the isothermal heat source. For Case II, the convec-

tive flow was suppressed by the stabilizing thermal

boundary layer developed near the upper left isothermal

surface (see isotherms in Fig. 4), so the convection was

degraded with wj jmax ¼ 6, while Case III, the convection

was enhanced due to the instability of thermal boundary

layer near the floor source, as seen jwjmax ¼ 10 in Fig. 5.

With two heat sources being both of flux surfaces, the

similar behavior occurs on the heat source surfaces

(Fig. 6) for Case IV. However, the heat transfer in Case

IV is very low, as indicated by heatlines Nuc ¼ DHc 
 0:5
as compared to Nuc ¼ DHc 
 1:2 in the other two cases.

3.3. Comparisons of results with different boundary

conditions

We compared the variations of the characteristics of

fluid flow and heat transfer due to Rayleigh number and

heat source properties (size, type, strength) of heat

sources for the four cases, as respectively plotted in Figs.

7–10 in terms of the variations of the maximal stream-

function and average Nusselt number. It is found from

Fig. 7 that, for all the four cases, the convection in-

creases as Ra increased. The tendency is more distinct

for Cases I and III where the heat sources on floor are

both isothermal higher temperature surface. This can be

Fig. 5. Results for Ra ¼ 105 Case III with hBC1 ¼ hBC2 ¼ 0:5 and l1=L ¼ l2=L ¼ 0:5 by (a) streamlines, (b) heatlines and (c) isotherms.
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explained as the convection being mainly determined by

the heat source on the floor and the isothermal surface

being much stronger than the flux surface. The average

Nusselt number, Nu, increases with increasing Ra fastest

Fig. 6. Results for Ra ¼ 105 Case IV with hBC1 ¼ hBC2 ¼ 0:5 and l1=L ¼ l2=L ¼ 0:5 by (a) streamlines, (b) heatlines and (c) isotherms.

Fig. 8. Effects of thermal strength of heat source 1 on the

convection (maximal streamfunction) and overall heat transfer

ðNuÞ for all Cases I–IV.

Fig. 7. Effects of Rayleigh number on the convection (maximal

streamfunction) and overall heat transfer ðNuÞ for all Cases

I–IV.
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for Case I, then for Cases II and III, and slowest for

Case IV where it is almost kept invariant. Notice that

the heat transfer is mainly dominated by the isothermal

heat source; there are two isothermal surfaces in Case I,

one isothermal surface in the Cases II or III, and no

isothermal surface in Case IV.

Fig. 8 shows the maximal streamfunction and aver-

age Nusselt number as functions of the thermal strength

of heat source 1. For all the four cases, the convection

decreases with strenthening the heat source 1, the change

is more notable for Cases I and III. The overall heat

transfer for Cases II and III is mainly affected by the

isothermal heat source, i.e. the heat transfer is basically

determined by the heat source 1 in Case II, or by the

heat source 2 on the floor in Case III, and small changes

for Cases I and IV.

The effects of heat source size on the characteristics

of the convection and heat transfer are presented in Figs.

9 and 10. The trends of variation for Cases I and IV are

similar, but the former being more obvious. The hy-

perbolic curve reveals that the convection reaches the

lowest at the middle size of heat source 1, as detailed

before. For Case II, the isothermal heat source 1 is the

main impetus of convection, and thus the convection

increases with l1=L. For Case III, however, the convec-

tion decreases as the size of heat source decreases. The

overall heat transfer monotonously increases with in-

creasing l1=L source 1 for all cases, but the trends for

Cases I and II are more evident because their heat

sources 1 are isothermal surfaces.

From Fig. 10, increasing length of heat source 2,

l2=L, would increase convection for all cases, but more

significantly for Cases I and III. It is obvious that the

size effect of heat source on floor is much stronger than

that of the heat source on the side wall, as shown in Fig.

9. The same trend is also observed for the variations of

the average Nusselt number.

In short, we can observe from Figs. 7–10 that, the

natural convection for Cases I and III are sensitive to

the boundary conditions (including Ra, the size, and

strength of the heat source). The convection is mainly

determined by the isothermal heat source on the floor.

4. Conclusion

A two-dimensional, laminar natural convection in-

duced by multiple wall heat sources has been nu-

merically studied. A combined temperature scale was

suggested. The method proposed is general and efficient

to define the complex boundary conditions, and also

convenient to evaluate the interactions between the heat

sources on the overall heat and fluid flow structures.

For the natural convection considered in this paper,

some conclusions can be drawn as below: 1. The role of

isothermal heat source is generally much stronger than

the flux of heat source. 2. The heat source on the floor

increases the thermal instability and thus acts a pro-

portional effect on convection, while the heat source on

the side wall increases the thermal stability and thus acts

a reverse effect on convection. 3. The heat source on the

floor can be more active than that on the side wall.
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